This paper is a brief account of the moduli of complex curves from the perspective of noncommutative geometry. We focus on the uniformization of Riemann surfaces by the ordered K-groups of a noncommutative C * -algebra. Using this approach, we prove "generic" arithmeticity of the mapping class group and study correspondences between complex and noncommutative tori.
Introduction
Search for the conformal invariants of two-dimensional manifolds has a long history and honorable origin, see [26] . Except for the cases g = 0, 1, 2 no satisfactory set of such invariants is known, despite many efforts and evident progress, see e.g. Eisenbud & Harris [8] . Fix τ ∈ C, Re τ > 0. Let E τ = C/(Z + τ Z) be torus of complex modulus τ , i.e. Riemann surface S(1, 0). In this case Γ(1, 0) ≃ SL(2, Z) and therefore Let now T θ be a noncommutative (quantum) torus, i.e. C * -algebra on the generators u, v and relation vu = e 2πiθ uv, where θ ∈ R is Rieffel's parameter of quantum torus. Two quantum tori are Morita equivalent whenever θ ′ = aθ+b cθ+d , a b c d
∈ SL (2, Z) . Comparing E τ with T θ suggests an important morphism between moduli of complex torus and geometry of quantum tori, see Manin [19] . Present note is an attempt to show that this is not an isolated fact, but indeed a general pattern. Namely, each conformal structure either on the torus or any higher genus surface can be assigned a canonical ordered abelian group G (dimension group), see Appendix for the definition. The rank of group G is 2 for torus, and 2g + k − 1 for the higher genus surfaces depending on the stratum H k fixed in T (g, n). An important point that in the same time, G is invariant for a big class of noncommutative C * -algebras. One can equally adopt an algebro-geometric point of view, as suggested by Eckl [5] . In this case, one considers pairs (C, ω), where C is a complex curve with (holomorphic) quadratic differential ω on it. Taking "horizontal" and "vertical" trajectories F 1 , F 2 of ω, one can associate to (C, ω) a pair of dimension groups (G 1 , G 2 ). Then a morphism between the moduli space of dimension groups (G 1 , G 2 ) and moduli space of pairs (C, ω) can be established and studied. In the simplest case C is an elliptic curve, the morphism is given by natural projection on the following double coset:
where T i are the subgroups of the upper and lower triangular matrices in GL(2, R). This approach is a part of the "quantum modular curve" theory due to Manin and Marcolli [20] , see also Marcolli [21] . The structure of the article is as follows. In Section 1 we establish a uniformization of the Riemann surfaces by the dimension groups, and discuss various aspects of it. In Section 2 we sketch a proof of arithmeticity of the mapping class group (Harvey conjecture) from the standpoint of dimension groups. Morphism between complex and quantum tori is considered in Section 3. Finally, Section 4 contains (minimal) definitions and bibliography of dimension groups, quantum tori and elliptic curves.
Uniformization of Riemann surfaces by dimension groups
In this section we consider a parametrization of Riemann surfaces by the dimension groups (see Appendix for the definition of such groups). Connection between the Riemann surfaces, quadratic differentials and interval exchange transformation has been discussed by many authors, see Bödigheimer [2] , Masur [22] and Veech [31] . First we remind the reader how this connection comes in, and next we use it to define dimension groups associated to Riemann surfaces.
Interval exchange transformations
Let m ≥ 2 be a positive integer and let λ = (λ 1 , . . . , λ m ) be a vector with positive components λ i > 0. One sets
Let π be a permutation on the index set N = {1, . . . , m} and ε = (ε 1 , ..., ε m ) a vector with coordinates ε i = ±1, i ∈ N. An interval exchange transformation (I.E.T.) is a mapping ϕ(λ, π, ε) : [0, |λ|] → [0, |λ|] which acts by piecewise isometries
where β π is a vector corresponding to λ π = (λ π −1 (1) , λ π −1 (2) , ..., λ π −1 (n) ). Mapping ϕ preserves or reverses orientation of v i depending on the sign of ε i . If ε i = 1 for all i ∈ N then the I.E.T. is called oriented. Otherwise, the interval exchange transformation is said to have flips. Interval exchange transformation is said to be irreducible if π is an irreducible permutation. An irreducible I.E.T. is called irrational if λ 1 , ..., λ m are linearly independent over Q.
Riemann surface attached to the I.E.T.
There exists a canonical way to represent Riemann surfaces by the interval exchange transformations, see Bödigheimer [2] . The construction goes back to Hilbert [14] . Let us remind the main ideas.
Hilbert Uniformization of the Riemann surfaces
There exists a remarkable parametrization of the Teichmüller space by the so-called parallel-slit domains, see [3] and [14] . Roughly, every Riemann surface S admits a conformal mapping to the complex plane with a finite set of the parallel half-lines (rays) deleted. Those rays come in pairs of two sorts: orientable and non-orientable. We shall see later that to every parallel-slit domain one can relate a canonical I.E.T., orientable or with flips, depending on the orientability of the above pairs of rays. Let us look at the construction.
Parallel-slit domains ( [2] , [3] , [14] ) Let C = {u + iv | u, v ∈ R} be the complex plane. By a slit in C one understands the ray parallel to the real line and issued to the left from the point (0, β):
Every slit r = r(β) has two banks: the lower r l and the upper r u . We shall distinguish the following pairs of slits in C (see Fig. 1 ). (The arrows mark the identifications of banks in the slit: r Proof. See Courant [3] , Theorem 2.7.
How to get Riemann surface from the I.E.T.
Let ϕ = ϕ(λ, π, ε) be an interval exchange transformation, see Section 1.1 for the notation. Given β i , we relate to it a slit pair:
which is defined to be oriented slit pair whenever ε i = 1 and non-oriented slit pair whenever ε i = −1. Let i run from 1 to m. The parallel-slit domain D = D(ϕ) of the complex plane C obtained from the I.E.T. is called associated to the ϕ. Note that one can always assume β 0 = (0, 0) ∈ C. It is not hard to see that the converse is true: Any parallel-slit domain in C gives rise to an (irrational) I.E.T. ϕ = ϕ(λ, π, ε). The genus g of the Riemann surface S(ϕ) depends on the number m of intervals and the number n of elementary cycles in the permutation π, see Veech [31] . Thus, the Teichmüller space T (g, 0) is "stratified" with respect to m, i.e. one can get Riemann surfaces of the same genus for different values of m. In this section we wish to calculate the dimension and number of the appearing strata. The shortest way to describe strata is via "singularity data" of the quadratic differentials on S(ϕ). Let (S, q) be pair consisting of a Riemann surface of genus g and a holomorphic quadratic differential q on it. In particular, when q is square of a 1-form, we call q an Abelian differential.
For n ≥ 1 let k 1 , . . . , k n be a sequence of positive integers and half-integers such that k i = 2g − 2. By the elementary number theory argument, the total number of half-integers is even, and the set k 1 , . . . , k n is always nonempty provided g > 1.
Each q on the genus g Riemann surface defines a finite sequence k 1 , . . . , k n where each k i is the absolute value of index of zero of q. Clearly, the sequence admits no half-integers if and only if q is Abelian. The sequence k 1 , . . . , k n is called singularity data of q. We call the subset of T (g, 0) corresponding to quadratic differentials with fixed singularity data, a stratum H i . By the index argument, the number of strata is finite. Strata aren't generally connected, as shown by Kontsevitch and Zorich [18] .
If k 1 , . . . , k n is the singularity data of stratum H i , then the number m of intervals in the exchange map:
see Veech [32] . The last formula allows to evaluate the dimension of strata. The stratum of maximal dimension is given by non-Abelian non-Strebel quadratic differential with "simple" singularities (tripods) whose total number is n = 4g − 4. Thus, m max = 6g − 6. It is easy to see that m min = 2g. Thus we have a stratification
where stratum H i lies at the boundary of H i+1 for each i = 2g, . . . , 6g − 6. Geometrically, taking the boundary of stratum corresponds to collapse of the separatrix connection to the higher order singularity in the measured foliation induced by q.
Remark on the Strebel and non-Strebel differentials
In this section we compare parametrization of the Teichmüller space by the Strebel differentials (metric ribbon graphs) with the "non-Strebel" parametrization by the I.E.T.'s discussed above.
Parametrization by metric ribbon graphs. Let q ∈ Q(S) be holomorphic quadratic differential. Denote by F q foliation on surface S induced by the horizontal trajectories of q. It is known that F q is a measured foliation, i.e. supports an invariant measure transverse to its leaves. Recall that q is called Strebel if every leaf of F q is compact. Mumford, Thurston et al. established a parametrization of T (g, n) by Strebel's differentials. Namely, all the "boundary" compact leaves of F q make up a metric ribbon graph, and the space of all such graphs parametrizes T (g, n). Combinatorial data of ribbon graphs splits T (g, n) into "strata", while metric data allows to move "within" the strata, see e.g. [17] .
Parametrization by the I.E.T.'s. Let q ∈ Q(S) be holomorphic quadratic differential such that F q has finite number of compact leaves (possibly 0) and any other leaf is dense on S. Such differentials are "opposite" to the Strebel differentials, and we call them non-Strebel. Lengths of the separatrix leaves are no longer pertinent in this case, since eventually one can collapse compact separatrices to the higher order singularities of F q (Whitehead homotopy). Virtual substitute to "metric data" in this situation are lengths of the intervals of the I.E.T., while combinatorial data are encrypted by the extended Rauzy class of the I.E.T. Namely, fix a global cross-section to F q , and identify it with the interval I = [0, |λ|). Then the monodromy of foliation F q induces an I.E.T. on I. Note that if q is non-Abelian, then I.E.T. admits "flips". Conversely, the Rauzy class of π and vector λ give rise to a complex structure and canonical quadratic differential q on S, obtained by "zippering" of rectangles in the complex plane, see Masur [22] and Veech [31] . While the Rauzy class of π fixes a stratum in T (g, n), λ "moves around" the stratum. Typically 1 this mapping is injective.
Dimension group of the Riemann surface
Let ϕ(λ, π, ε) : I → I be an I.E.T. on m intervals. We wish to attach to the I.E.T. a canonical dimension group of rank m. There are two (equivalent) definitions: one using the crossed product construction of I. F. Putnam, the other using dense subgroups of the real line.
First definition: Putnam's construction
is an algebra of complex-valued functions on I. It is known that
see Putnam [25] . A ϕ is not an AF C * -algebra, but embeds (and is embedded) isometrically into the AF algebras:
in such a way that
are order-isomorphic as dimension groups. By an abuse of notation, we call the ordered K 0 (A ϕ ) a dimension group of A ϕ . (Noramally, dimension groups are associated only to the AF C * -algebras.) Note that the rank m of K 0 (A ϕ ) depends only on the stratum H i ⊂ T (g, 0). Let S ∈ H i be a Riemann surface. We have the following definition, which is critical for the whole paper.
Definition 2 The dimension group
K 0 (A ϕ ) is called associated to Riemann surface S, if S is induced by ϕ = ϕ(λ, π, ε).
Second definition: Dense subgroup of the real line
Let λ = (λ 1 , . . . , λ m ) be the lengths of intervals in the I.E.T. associated to S. It was proved by Keane that a sufficient condition to I.E.T. to be minimal consists in that numbers λ 1 , . . . , λ m are linearly independent over Q, see [15] .
Consider abelian subgroup of the real line:
It is clear that Γ has rank m and by Keane's condition is dense in R. Then by the pull-back construction, Γ generates a simple totally ordered dimension group G of rank m, see [6] , Corollary 4.7.
Proposition 1 Dimension groups
Proof. Left to the reader.
How to recover Riemann surface from the dimension group
The abelian group Γ ⊂ R is not "normalized", i.e. any group αΓ, α ∈ R + will define the same dimension group G. In other words, G defines I.E.T. up to a positive scalar multiple, which is equal to total length |λ| of intervals in the I.E.T. The following proposition establishes bijection between dimension groups and I.E.T.'s.
Proposition 2 Let G be simple dimension group with total order and s :
Proof. Fix a basis {e 1 , . . . , e m } in G + . Then we have 0 < s(e 1 ) < . . . < s(e m−1 ) < s(e m ) relabeling e i if necessary. The lengths of intervals in the required I.E.T. are given by the formula:
Clearly, λ i are linearly independent over Q (otherwise {e 1 , . . . , e m } wouldn't be a basis). The combinatorial data π and ε are recovered using formulas (6).
Corollary 1 The pair (G, s) defines a unique Riemann surface S, such that G = G(S) is its associated dimension group.
Proof. Follows from Proposition 2 and Section 1.2.2.
Dimension groups as length spectra of Riemann surfaces
Dimension groups are "quantum", i.e. can be presented as inductive limit of the simplicial dimension groups and positive homomorphisms (see Section 4.2):
Historically, they appeared exactly in this form, see Elliott [7] . Quantum phenomena in the Teichmüller spaces are known since a long time as length spectra of Riemann surfaces (Hadamard). In this section we show that the length spectra give rise to a dimension group, and vice versa. This new dimension group is order-isomorphic to the dimension group of Riemann surface, introduced in the previous section. Let S be Riemann surface of genus g. By Spec S = {|γ 0 |, |γ 1 |, . . .} one understands the length spectrum of S, i.e. the ordered infinite sequence of geodesics γ i of growing lengths. For simplicity, we consider Riemann surfaces with simple spectra, i.e. no two geodesics on S are of the same length. Length spectrum is discrete and the mapping Spec : S → R ∞ is generically one-toone, cf. Wolpert [30] .
Given Spec S, one can pass to the dimension group of Riemann surface S as follows. If S ∈ H(k 1 , . . . , k n ) consider the relative homology group H 1 (S, Sing F q ). Then the rank of this group is m = 2g + n − 1, see e.g. [18] , p.676. On the other hand, each closed geodesic γ i ∈ Spec S is a 1-cycle of H 1 (S, Sing F q ). Thus Spec S injects into the lattice Z m . Let f i : S → S be a diffeomorphism which sends closed geodesic γ i to γ i+1 . Using Markov partition of f i , one can built a positive automorphism
The dimension group which is the limit (9) of simplicial dimension groups of rank m = 2g + n − 1 and positive automorphisms A i , we call a spectral dimension group and denote it by G = G( Spec S).
Proposition 3 Spectral dimension group G = G( Spec S) is order-isomorphic to the dimension group G = G(S) of the Riemann surface S.
Dimension groups and continued fractions
In this section we discuss new invariant of the Riemann surface, which is an irrational number defined modulo the action of matrix group GL(2, Z). In our earlier works, we called such a number projective curvature of the Riemann surface. Projective curvature is a replacement of the "metric" on ribbon graphs, when one passes from the Strebel to non-Strebel representation of the Riemann surface, see previous sections. Let us give an idea of such invariant.
It is known that simple dimension groups of rank 2 are parametrized by the positive irrationals, see e.g. [6] . Morally, such a parametrization comes from "slopes" of geodesics on the 2-dimensional torus. It can be shown that any rank m simple dimension groups admit similar parametrization by "slopes" of certain geodesic lines on the Riemann surface, which, from the technical point of view, are given by continued fraction. Let us briefly review the construction.
Dimension group is called polycyclic if it is based on the abelian group Proof. The idea is to take the closure of γ, which is a geodesic lamination Λ (disjoint union of geodesics) on S. Then Λ can be canonically completed to a measured foliation F . Then the I.E.T. on the transversal to F generates a dimension group G, as showed in previous sections.
Dimension group G = G(γ) of Proposition 3 we call induced by geodesic γ. Note that G(γ) is simple whenever γ is non-periodic. It can be proved that any abstractly given simple polycyclic dimension group can be obtained in such a way. On the other hand, geodesic γ is the uniform limit of periodic geodesics
By a modular Riemann surface one understands the homogeneous space S n = H/Γ(n), where H is the hyperbolic plane and Γ(n) the principal congruence subgroup of SL(2, Z). Recall that closed geodesics γ i on S n are generated by the hyperbolic elements g i ∈ Γ(n) (the length-trace formula). Note that since Γ(n) is a subgroup of the modular group, |tr (g i )| are positive integers. Consider a regular continued fraction:
which converges to a real number θ > 0. We call θ a slope of γ on S n . Note that in view of Proposition 3, every polyciclic dimension group G can be parametrized by irrationals θ. The result of such parametrization we denote as G θ . It turns out that dimension groups G θ and G θ ′ are orderisomorphic if and only if θ and θ ′ are modular equivalent:
(This can be deduced from the main property of continued fractions.) Let S ∈ H i be a Riemann surface and G(S) its dimension group. The irrational number θ is called a projective curvature of S if and only if G(S) is orderisomorphic to the dimension group G θ .
Proposition 5
The projective curvature θ = θ Mod GL(2, Z) is a conformal invariant of the Riemann surface S.
Grothendieck's "dessins d'enfant" and periodic continued fractions
By theorem of Belyi [1] the smooth algebraic curve (Riemann surface) is defined over a field of algebraic numbers Q, if and only if it covers the complex sphere with the ramification at the points z = 0, z = 1 and z = ∞. Based on this theorem, Grothendieck sketched a vast research proposal called dessins d'enfant which consists (along with other things) in a geometric description of Riemann surfaces over Q. It was conjectured by Grothendieck and proved by Mulase and Penkava [24] that the edges of ribbon graphs of the "arithmetic" Riemann surfaces have rational lengths. It looks reasonable to ask wheather "dessins d'enfant" can be seen in the non-Strebel case, cf. previous sections. The answer looks amazingly simple, and is contained in the following statement.
Proposition 6
The Riemann surface S ∈ T (S) is a smooth algebraic curve over an algebraic number field Q if and only if the projective curvature θ of S is given by an eventually periodic continued fraction. (In other words, θ is  a quadratic irrational.) Proof. We shall give a scketch of the proof only. Let Γ be the ribbon graph of the Riemann surface S defined over an algebraic number field. Since the lengths of edges of Γ are rational numbers p i /q i , the radian measure of internal angles of polygonal regions bounded by the edges will be given by quadratic irrationals p 2 i + q 2 i . It isn't hard to see that if one (locally) breaks the separatrix connections, the "slope" of trajectories of arising non-Strebel differential will be given by an irrational quadratic number, which is a linear combination of slopes of internal angles of the above polygons.
Remark on smooth and singular complex curves
The interval exchange transformation (or measured foliation) can have invariant measures which aren't multiples of the Lebesgue measure. Such I.E.T.'s are called non-uniquely ergodic. They are limits of the I.E.T.'s with standard Lebesgue measure, see [15] . If one wishes to extend our theory to such measures, the following remark might be useful. (It goes back to our earlier works, where it is discussed in more detail.) 
Arithmeticity of the mapping class group
We discussed arithmeticity of the mapping class group in the introduction. Harvey conjectured that the mapping class groups is arithmetic [12] . N. V. Ivanov (unpublished) claimed that this is not true generally speaking. In this section we apply our analysis to prove Harvey's conjecture for at least "generic" Riemann surfaces. Proof. The idea of the proof is based on the dimension group parametrization of T (g, 0), see Section 1. Let us first establish the following lemmas (Lemma 2 and 3).
Lemma 2 The Riemann surfaces S, S
′ ∈ H i ⊂ T (g, 0) are conformally equivalent if and only if the corresponding dimension groups G S , G S ′ are order-isomorphic.
Proof. Let S ′ be conformally equivalent to S. Then Spec S ′ differs from Spec S only in a finite number of terms. Therefore sequences A ′ 0 , A ′ 1 , . . . and A 0 , A 1 , . . . in the inductive limit (9) coincide for all n ≥ N. This means that dimension groups G ′ and G are order-isomorphic, see [6] . Lemma follows.
Lemma 3 Simple totally ordered dimension groups G, H of rank m are order-isomorphic if and only if there exists matrix A ∈ GL(m, Z) which sends positive cone of G to the positive cone of H.
Proof. Indeed, dimension groups G, H are order-isomorphic iff there exists an isomorphism φ : G → H such that φ(G + ) = H + , see Appendix. Since G, H are totally ordered and are based on the lattice L = Z m , φ is an automorphism of L. Lemma follows.
Let S ∈ T (g, 0) be "generic" Riemann surface with associated dimension group G. Then any conformally equivalent surface S ′ ∈ T (g, 0) has dimension group G ′ , which is order-isomorphic to G, see Lemma 2. Since G, G ′ are simple totally ordered dimension groups of rank m, there exists an automorphism A ∈ GL(m, Z) of lattice Z m which maps positive cone of G ′ to such of G, see Lemma 3. Thus the element ϕ ∈ Γ(g, 0) has a representation A ∈ GL(m, Z).
Going through all Riemann surfaces, which are conformally equivalent to S, one gets a representation of Γ(g, 0) as a subgroup of GL(m, Z). (It can be proved that the representation is faithful.) Theorem 1 follows.
Complex and quantum tori
Fix g = 1, n = 0 in T (g, n), Γ(g, n) and M(g, n). Then T (1, 0) ≃ {τ ∈ C | Im τ > 0}, Γ(1, 0) ≃ SL(2, Z) and M(1, 0) = C/SL(2, Z). Riemann surface S(1, 0) = E τ = C/(Z + τ Z) is known as complex torus of complex modulus τ . In this section we pass to closer examination of relationship between complex tori and simple dimension groups of rank 2 (quantum tori).
Complex and quantum torus duality
Before proving formal results, we wish to explain the duality between complex and quantum tori in geometric terms.
Let F be measured irrational foliation on the two-torus. Foliation F induces a complex structure on S = T 2 and vice versa. Indeed, any curve γ connecting two points x, y ∈ T 2 has length:
where integration is taken relatively measure µ of foliation F . Thus T 2 becomes a metric space. The reader can verify that the metric is flat, and by the Uniformization Theorem S = T 2 is a complex torus. Conversely, given complex torus S one can easily pass to a measured foliation on S e.g. by considering horizontal trajectories of abelian differentials on S, see [9] .
In this way, elliptic curves E τ are parametrized by the pairs of real numbers (θ, µ), where θ is an irrational number equal to "slope" of F on T 2 and µ > 0 a positive multiple of the Lebesgue measure (all measures on F are known to be multiples of the Lebesgue measure). In algebraic terms, it means that E τ is given by quantum torus T θ and a trace (state) s : T θ → C on it. The following general statement is true: (G, s) , where G = G(τ ) is simple dimension group of rank 2 (quantum torus) and s : G → R is a state on G. Under this morphism, conformally equivalent complex tori map to Morita equivalent quantum tori. If θ ∈ R is Rieffel's parameter of quantum torus G, then θ = θ(τ ) is a continuous function of complex modulus τ .
Theorem 2 There exists a one-to-one function between complex tori E τ and pairs
Proof. The quantum torus parameter θ can be "read off" directly from the complex torus lattice L = Z + τ Z. Such a formula reminds structurally the Weierstrass ℘ function. Instead of such function one uses the "spectral sums":
where ω is lattice point and |ω| is length of closed geodesic generated by ω. It is known that the "length spectra" are rigid, i.e. determine the unique complex structure on torus (see Lemma 3). Our proof of Theorem 2 and calculation of Rieffel's parameter θ are based exactly on the idea of rigidity of spectra. For different approach, which relies on the compactification of space of complex tori with the boundary consisting of quantum tori, see [19] and [20] . Although first part of the theorem is a special case of Lemma 2, we wish to give an independent proof. Let us review main steps. By the rigidity lemma (Lemma 4) the length spectrum Spec E defines conformal structure of E. In fact, this correspondence as a bijection. Under isomorphisms of E the length spectrum can acquire a real multiple or get a "cut of finite tail" (Lemma 5). One can relate an infinite continued fraction to Spec E using Minkowski's decomposition of the automorphisms SL(2, Z) (Lemma 3). Then isomorphic complex tori C/L will have continued fractions which differ only in a finite number of terms. Clearly, continued fraction itself converges to Rieffel's parameter θ of quantum torus.
Lemma 4 (Rigidity of length spectrum) Let Spec E be length spectrum of a complex torus E = C/L. Then there exists a unique complex torus with the spectrum. This correspondence is a bijection.
Proof. See McKean [23] .
Let Spec S = {l 1 , l 2 , . . .} be length spectrum of a Riemann surface S. Let a > 0 be a real number. By aSpec S we understand the length spectrum {al 1 , al 2 , . . .}. Similarly, for any m ∈ N we denote by Spec m S the length spectrum {l m , l m+1 , . . .}, i.e. the one obtained by deleting the first (m − 1)-geodesics in Spec S.
Lemma 5 Let E ∼ E
′ be isomorphic complex tori. Then either:
Proof. (i) The complex tori E = C/L, E ′ = C/M are isomorphic if and only if M = αL for a complex number α ∈ C × . It is not hard to see that closed geodesic of E are bijective with the points of the lattice L = ω 1 Z + ω 2 Z in the following way. Take a segment of straight line through points 0 and ω of lattice L which contains no other points of L. This segment represents a homotopy class of curves through 0 and a closed geodesic of E. Evidently, this geodesic will be the shortest in its homotopy class with the length |ω| equal to absolute value of complex number ω. Thus, |ω| belongs to the length spectrum of E.
Let
(ii) Note that according to (i) the length spectrum Spec S = {l 0 , l 1 , l 2 , . . .} can be written as Spec S = {1, l 1 , l 2 , . . .} after multiplication on 1/l 0 , where l 0 is the length of shortest geodesic. Note also that shortest geodesic of complex torus has homotopy type (1, 0) or (0, 1) (standard generators for π 1 E).
Let a, b, c, d be integers such that ad − bc = ±1 and let
be an automorphism of the lattice L = ω 1 Z +ω 2 Z. This automorphisms maps standard generators (1, 0) and (0, 1) of L to the vectors ω 1 = (a, b), ω 2 = (c, d). Let their lengths be l m , l m+1 , respectively. As we showed earlier, l m , l m+1 ∈ Spec E and it is not hard to see that there are no geodesics of the intermediate length. (This gives a justification for the notation chosen.) Note that ω 1 , ω 2 are standard generators for the complex torus E ′ ∼ E and therefore one of them is the shortest closed geodesics of E ′ . One can normalize it to the length 1.
On the other hand, there are only finite number of closed geodesics of length smaller than l n (McKean [23] ). Thus Spec E ∩ Spec E ′ = {l m , l m+1 , . . .} for a finite number m and since (18) is automorphism of the lattice L. In other words, Spec E ′ = Spec m E. Item (ii) follows.
Lemma 6 Let E = E(τ ) be a complex torus. There exists a uniquely defined continued fraction θ of form corresponding to E.
, then fractions θ and θ ′ differ only in a finite number of terms.
Proof. Let E = C/L be complex torus and Spec E = {l 1 , l 2 , . . .} be its length spectrum, i.e. a set of non-decreasing lengths of closed geodesics {γ 1 , γ 2 , . . .}.
To prove the lemma, one needs to introduce a real number, θ, which measures an asymptotic slope (or direction) of the "ordered bunch" of the geodesics {γ 1 , γ 2 , . . .}. We wish to stress the word ordered here, since non-ordered sets of periodic geodesics are directionally equi-distributed (by transitivity of the geodesic flow). We shall see later that the order is critical to the value of θ. Morally, θ plays the role similar to Selberg's zeta function for periodic geodesics.
If {γ 1 , γ 2 , . . .} are closed geodesics specified by Spec E as explained above, we let {ω 1 , ω 2 , . . .} be lattice points ω i ∈ L which represent closed geodesics γ i . Two consequent points ω k , ω k+1 ∈ L define (uniquely) an automorphism of L as follows. Take the 1-dimensional subset Ω k ⊂ L consisting of points collinear to ω k , i.e. points lying on the line tω k , t ∈ R. The same notation applies to Ω k+1 . Set an automorphism g k ∈ SL(2, Z) such that:
The above automorphism is unique, up to a flip. To avoid flips, one can consider orientation preserving automorphisms, e.g. this can be accomplished by fixing det g k+1 = +1. Substituting g k into the continued fraction (14) , one gets the Rieffel parameter θ. The first part of Lemma 6 is proved.
The second part of Lemma 6 follows from item (ii) of Lemma 5 and Lemma 4. Indeed, if E ∼ E ′ are isomorphic complex tori, then by Lemma 2, (i) Spec E ′ = |α|Spec E or (ii) Spec E ′ = Spec m E for an α ∈ C × and m ∈ N. Note that since multiplication of L by complex number α does not affect the one-dimensional subspaces Ω i (see above for the notation), the ordered sequence of automorphisms g i will be the same. Thus the possibility (i) will give the same number θ.
In case (ii) it can be easily seen that the ordered sequence of automorphisms (g 1 , g 2 , . . . , g m , g m+1 , . . .) corresponding to Spec E will become (g m , g m+1 , . . .) for Spec E ′ . Since there is a bijection between length spectra and complex tori (Lemma 4), we get that E ∼ E ′ would correspond to continued fractions which differ only in the first m-terms. In other words, projective curvatures θ and θ ′ are modular equivalent irrational numbers. The second part of Lemma 6 follows.
To finish the proof of the first part of Theorem 2, one needs to combine Lemmas 4-6 with the fact that two noncommutative tori T θ , T θ ′ are Morita equivalent if and only if their continued fractions differ only in a finite number of terms.
Let us prove continuity of function θ = θ(τ ). We wish to give a geometric proof of this fact. Let T (1, 0) be the Teichmüller space of complex torus. Suppose that φ : T → T a quasiconformal map of complex torus T . It is known that φ acts continuously on the lamination Λ = lim l→∞ Spec T . Since θ is an "average slope" of Λ on T , θ is continuous on φ. On the other hand, every two points (conformal structures) of T (1, 0) can be joined by an orbit of the Teichmüller flow, φ t , generated by map φ. Thus θ = θ(φ t (T 1 )) = θ(τ ) is a continuous function. Theorem 2 is proven.
Complex multiplication
Quantum tori are intrinsically connected to some old problems in number theory. For example, the problem of calculation of maximal abelian extensions of number fields was posed by L. Kronecker. Elliptic curves with complex multiplication 2 solve the problem for the imaginary quadratic fields. It was conjectured by Shimura and Stark that for extensions of real number fields, there might exist similar theory based on the idea of "real multiplication". We discuss these connections here, following the remarkable work of Manin [19] .
Theorem 3 Rieffel's parameter θ corresponding to elliptic curve with complex multiplication is a quadratic irrationality.
Proof. Let us outline the idea of the proof. If E admits complex multiplication, then its complex modulus τ lies in an imaginary quadratic field K. In fact, up to an isogeny, the ring of endomorphisms End E = O K , where O K is the ring of integers of field K. It can be shown that L is an ideal in O K (Section 4.3). The length spectrum Spec E of elliptic curve with complex multiplication is a "geometric progression" with the growth rate |α|, where α ∈ End E (Lemma 7). One can use Klein's lemma (Lemma 8) to characterize length spectra in terms of continued fractions. In particular, length spectrum with asymptotically geometric growth correspond to periodic continued fractions. Thus, Rieffel's parameter converges to quadratic irrationality.
Definition 3 Length spectrum Spec E of an elliptic curve E = C/L is called α-multiplicative, if there exists a complex number α ∈ C × with |α| > 1 such that
for a N ∈ N.
Lemma 7 Let E be an elliptic curve with complex multiplication. Then its length spectrum Spec E is α-multiplicative for an α ∈ C × .
Proof. Let E = C/L be complex torus which admits non-trivial endomor-
It is known that End E is an order in the field K. In fact, up to an isogeny of E, End E ≃ O K , where O K is the ring of integers of imaginary quadratic field K (Section 4.3). Lattice L in this case corresponds to an ideal in O K .
Let l 1 be minimal length of closed geodesic of E. For an endomorphism α : E → E, α ∈ C × , consider the set of geodesics whose lengths are less than |α|l 1 . By the properties of Spec E mentioned earlier, such a set will be finite. Let us denote the lengths of geodesics in this set by l 1 , . . . , l N . Since every geodesic in Spec E is a complex number ω i lying in the ring L ⊆ O K , one can consider the set of geodesics αω 1 , . . . , αω N . The length of these geodesics will be |α|l 1 , . . . , |α|l N , respectively. It is not hard to see that by the choice of number N, the first 2N elements of Spec E are presented by the following growing sequence of geodesics: l 1 , . . . , l N , |α|l 1 , . . . , |α|l N . We proceed by iterations of α, until all closed geodesics of E are exhausted. The conclusion of Lemma 7 follows.
We shall need the following statement regarding geometry of the regular continued fractions, see F. Klein [16] .
be a regular continued fraction. Let us denote the convergents of ω by:
For any lattice L in C, consider a segment I with ends in the points (p ν−2 , q ν−2 ) and (p ν , q ν ). Then the segment J which joins 0 with the point p ν−1 , q ν−1 is parallel to I and
where | • | denotes the length of the segment.
Proof. For the original formulation of this lemma, we refer the reader to [16] . Let us outline the idea of the proof. Draw the lines through (p ν , q ν ), (p ν−1 , q ν−1 ) and (0, 0), (p ν−2 , q ν−2 ). They intersect in a point A, which is common vertex of two congruent triangles with bases I and J. By formula (22) 
Proof. Indeed, using notation of Lemma 8, one can write
Note that according to the recurrent formula (24) the length spectrum {|ω ν |} coming from continued fraction (21) is completely determined by the first two values: |ω 1 | and |ω 2 |. Using (24) , one can easily deduce the following asymptotic formula for |ω ν | as function of |ω 1 |, |ω 2 |:
Fix N a positive integer. It follows from equation (25) that:
Let E be an elliptic curve with complex multiplication. Then by Lemma 7 its length spectrum Spec E is α-multiplicative. In other words,
for an N ∈ N and any ν mod N. Note that |α| is a rational integer. Thus, by formula (26) we have µ ν+1 . . . µ ν+N = Const, for any ν mod N. The last requirement can be satisfied if and only if continued fraction (21) is N-periodic. Theorem 3 is proven.
Appendix
In this section we briefly review C * -algebras, K-theory, dimension groups and complex multiplication of elliptic curves. The reader can find additional information in Effros [6] , Rørdam, Larsen & Laustsen [27] and Silverman [28] .
K-theory of C*-algebras
By the C * -algebra one understands a noncommutative Banach algebra with an involution [27] . Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X.
Let A be a unital C * -algebra and V (A) be the union (over n) of projections in the n×n matrix C * -algebra with entries in A. Projections p, q ∈ V (A) are equivalent if there exists a partial isometry u such that p = u * u and q = uu * . The equivalence class of projection p is denoted by [p] . Equivalence classes of orthogonal projections can be made to a semigroup by putting [p] + [q] = [p + q]. The Grothendieck completion of this semigroup to an abelian group is called a K 0 -group of algebra A.
Functor A → K 0 (A) maps a category of unital C * -algebras into the category of abelian groups so that projections in algebra A correspond to a "positive cone" K 
Dimension groups
We use notation Z, Z + , Q and R for integers, positive integers, rationals and reals, respectively and GL(n, Z) for the group of n × n matrices with entries in Z and determinant ±1.
By an ordered group we shall mean an abelian group G together with a subset P = G + such that P + P ⊆ P, P ∩ (−P ) = {0}, and P − P = G. We call P the positive cone on G. We write a ≤ b (or a < b) if b − a ∈ P (or b − a ∈ P \{0}).
G is said to be a Riesz group if:
(ii) u, v ≤ x, y in G implies existence of w ∈ G such that u, v ≤ w ≤ x, y.
An ideal J in a Riesz group G is a subgroup such that J = J + − J + (where J + = J ∩ G + ), and if 0 ≤ a ≤ b ∈ J + , then a ∈ J + . We say that G is simple if only ideals are G and {0}.
Given ordered groups G and H, we say that a homomorphism ϕ : G → H is positive if ϕ(G + ) ⊆ H + , and that ϕ : G → H an order isomorphism if ϕ(G + ) = H + . A positive homomorphism s : G → R is called a state if s(u) = 1, where u ∈ G + is an order unit of G. We let S(G) be the state space of G, i.e. the set of states on G endowed with natural topology [6] .
S(G) is a compact convex subset of vector space Hom (G, R). By the Krein-Milman theorem, S(G) is the closed convex hull of its extreme points, which are called pure states.
An ordered abelian group is a dimension group if it is order isomorphic to lim m.n→∞ (Z r(m) , ϕ mn ), where Z r(m) is simplicially ordered groups (i.e. (Z r(m) ) + ∼ = Z + ⊕ . . . ⊕ Z + ), and ϕ mn are positive homomorphisms. Dimension group G is said to satisfy the Unimodular Conjecture if r(m) = Const = r and ϕ mn are positive isomorphisms of Z r . In other words, G is the limit 
of matrices ϕ k ∈ GL(r, Z + ). Riesz groups are dimension groups and vice versa. Riesz groups can be viewed as an "abstract" dimension groups, while dimension groups as a "quantum representation" of Riesz groups by infinite sequences of positive homomorphisms.
Elliptic curves with complex multiplication
Let E = C/L be an elliptic curve. Consider the set End E of analytic selfmappings of E. Each f ∈ End E is covered on the complex plane by map z → αz for an α ∈ C. It is not hard to see that End E has the structure of a ring under the pointwise addition and multiplication of functions. The set End E is called an endomorphism ring of elliptic curve E. By the remarks above, End E can be thought of as a subring of complex numbers:
There exists a fairly complete algebraic description of such rings. Roughly speaking, they are either "rational integers" Z or integers O K of an algebraic number field K. The following lemma is true.
Lemma 9 Let α ∈ End E be a complex number. Then either: (i) α is a rational integer, or (ii) α is an algebraic integer in an imaginary quadratic number field
Proof. Let L = ω 1 Z + ω 2 Z be lattice corresponding to E. If α ∈ End E, then αL ⊆ L. The latter inclusion means that there exists integers a, b, c, d, (not necessarily with ad − bc = ±1) such that:
(i) Let α ∈ R. Then one gets a homogeneous linear system with respect to ω 1 , ω 2 : (a − α)ω 1 + bω 2 = 0, cω 1 + (d − α)ω 2 = 0. Since ω 2 = kω 1 for a k ∈ R, one concludes that the only solution is a − α = b = c = d − α = 0. Therefore α = a = d is a rational integer. Item (i) of Lemma 9 follows.
(ii) Let α ∈ R. We exclude α dividing second equation of (30) by the first: τ = c + dτ a + bτ .
Therefore bτ 2 + (a − d)τ − c = 0. Note that b = 0 since τ cannot be a real number. Thus τ ∈ Q( √ −d). Since α = a + bτ , α ∈ Q( √ −d). Item (ii) of Lemma 9 follows.
If End E is different from Z, E is said to be elliptic curve with complex multiplication. If E admits complex multiplication, then its ring End E is an order in an imaginary quadratic field K. In fact, E admits an isogeny (analytic homomorphism) to a curve E ′ such that End E ′ ≃ O K , where O K is the ring of integers of field K. Thus, by property αL ⊆ L, lattice L is an ideal in O K . Denote by h K the class number of field K. It is well known, that there exist h K non-isomorphic ideals in O K . Therefore, elliptic curves E 1 = C/L 1 , . . . , E h K = C/L h K are pairwise non-isomorphic, but their endomorphism ring is the same [28] .
